The renormalization factor and O(a) improvement coefficient of four-quark operators are calculated perturbatively for the improved Wilson fermion action with clover term and the Iwasaki gauge action. With an application to the K → ππ decay amplitude in mind, the calculation is restricted to the parity odd operator, for which the operators are multiplicatively renormalized without any mixing to operators that have different chiral structures.
I. INTRODUCTION II. ACTION AND FEYNMAN RULES
We adopt the Iwasaki gauge action where we adopted the Feynman gauge.
The quark propagator is given by that of the ordinary Wilson fermion action 
III. FOUR-QUARK OPERATORS
We shall evaluate the renormalization factor of the following ten operators
3)
where (sd) R/L = sγ µ (1 ± γ 5 ) d (III. 6) and × means the following contraction of the color indices
We notice that these operators are not all independent, satisfying the relations
, (III.8) However, it was shown in Ref.
[1] that the Wilson fermion system has sufficient set of discrete symmetries to protect the parity odd operators Q V A±AV from such mixings.
For the gluon exchanging diagrams, the operator mixing can be studied with the following operator having four flavors
It was proved in Ref.
[1] that parity, charge conjugation and two types of flavor exchanging transformations 
Thus O V A−AV and O SP −P S are basically the same operator rearranged with each other, and if we include the Fierz partner O F V A−AV it also mixes with O SP −P S . For the penguin diagram we need to keep the three flavors structure. Hence flavor exchange of
is a symmetry. Together with parity and charge conjugation one can show that the mixing occurs only among Q V A±AV 's.
We note that these discrete symmetries still allow mixings with lower dimensional parity odd operators
proportional to a mass difference (m d − m s ).
IV. ONE LOOP CORRECTION FROM GLUON EXCHANGING DIAGRAMS
We consider the following four fermi operator
in order to evaluate the one loop correction from the gluon exchanging diagrams given in Fig. 2 , where T represents the color factor
and Γ is the gamma matrix
where summation over µ is taken.
Since the one loop correction has already been evaluated in Ref. [3] for various gauge actions, we just briefly review the result for the Iwasaki gauge action. We consider one loop corrections to the amputated four quark vertex
The contributions from the diagrams (a) and (a ′ ) are given by
(IV.8)
The contributions from the diagrams (b) and (b ′ ) are
(IV.10)
The contributions from the diagrams (c) and (c ′ ) are
(IV.12)
The color index contributions are already factored out in the above
Note that contributions should also be included where one or more of the gluon vertexes is replaced with V
1µ from the clover term. We shall adopt an on-shell massless scheme in this section; quark mass and all external momenta are set to zero.
A. Contribution from diagram (a) and (a')
The one loop corrections I XY are the same as those to the bilinear (axial) vector current operator. Omitting the color factor the one loop contribution is given by
where V ⊗ A = γ µ ⊗ γ µ γ 5 and T V /A is the one loop correction to the local (axial) vector current for the Wilson fermion
(IV.21)
Introducing the gluon mass λ to the propagator G µν (l) in the loop we obtain [4]
in the Feynman gauge, where h 2 (Γ) is an integer given by h 2 (Γ) = 4(A), 4(V ), 16(P ), 16(S), 0(T ) (IV.23)
for various Dirac channels. The finite constants V Γ depend quadratically on the clover coefficients c SW , and we write
Γ .
(IV.24)
The superscript (i = 0, 1, 2) means a correction of i-th order in c SW , where i gauge interactions are replaced with that from the clover term. The numerical value of the finite part V Γ has already been evaluated in Ref. [4] for various gauge actions and is given in Table I for Iwasaki gauge action.
B. Contribution from diagram (b) and (b')
The contributions from the diagrams (b) and (b ′ ) can be evaluated by using the Fierz rearrangement [5] in the spinor indices.
Each one loop correction turned out to be the same as that to the (pseudo) scalar density and (axial) vector current operators given by (IV.21). After carrying out the loop integral we obtain
where the direct product ⊙ means
and S ⊙ P = 1 ⊙ γ 5 . Performing the Fierz rearrangement again the vertex function is transformed into the same spinor structure as at the tree level
Evaluation of the contributions from the diagrams (c), (c ′ ) is performed by using charge conjugation and Fierz rearrangement [5] . We use the representation of the charge conjugation matrix C = γ 2 γ 0 and the relations
Using these relations and the Fierz rearrangement each quantum correction becomes the same as that to the (pseudo) scalar density and (axial) vector current operators
where the direct product ⊛ means
Performing the Fierz rearrangement and the charge conjugation the vertex function is transformed into the same spinor structure as at the tree level without any mixing
In order to evaluate contributions from the penguin diagram we consider a four-quark operator of the following form
where k = 2n−1 or 2n and coefficients α (n) q and T (k) are defined in (III.19) and (IV.3). Then we evaluate the penguin diagram contribution to the amputated four quark vertex function
which is given by the Feynman diagrams in Fig. 3 . All the external momentum are set to in-coming direction and the internal gluon momentum is given by
The vertex correction is given in the form
where the color factor is given by
and we define the following loop integrals
We notice I 1;XY = 0. The contributions of I
XY ;µ should also be included where the gluon vertex in the loop is replaced with V (c) 1µ from the clover term. We calculate the following loop integrals
according to the standard procedure of lattice perturbation theory [6] , i.e., we expand the functions in terms of the gluon momentum p µ and the quark mass m.
The vertex functions satisfy the vector Ward-Takahashi identity [6] 
arising from the identity
Hence the loop corrections should be proportional to
We notice that a term proportional to σ µν p ν is also allowed by the identity. However this term gives the same form of contribution as (V.15) when expanded in terms of the external momentum and substituted into (V.8) and (V.9). A detailed discussion shall be given later in Sec. VII B.
The only non-vanishing candidate is
which has logarithmic divergence and should be regularized with some infra-red regulator.
We shall adopt the gluon momentum p µ as a regulator and the regularization term is defined by the similar loop integral
where L
IR is the same integrand given in (V.8), (V.9) but with all the Feynman rules replaced with that in the continuum and the quark mass set to zero.
The loop integral is evaluated with a subtraction
The first term is finite and can be evaluated numerically.
The second term has a logarithmic divergence and is calculated analytically
We shall drop the last 1/a 2 divergent term since the corresponding term is absent in the finite part since it is evaluated in terms of a derivative with external momentum.
Contribution from the clover term is given by replacing the gluon interaction vertex with
1µ in (V.6) and (V.7). The loop integral has no IR divergence and can be evaluated numerically.
B. Tree level contribution
We consider the tree level contribution to the four quark operators given in Fig. 4 . These diagrams may give a power subtraction with lower dimensional operators. We shall evaluate the amputated quark bilinear vertex function given by
For each operator we have the following vertex function
where we have two kinds of loop integrals in the above
The latter vanishes for both operator Y = V, A. An explicit calculation gives
Substituting this result we obtain
which may be evaluated with an expansion in the quark mass
(V.38)
The numerical evaluation gives
It may not be a good idea to expand in terms of the quark mass since these coefficients are rather large and furthermore that the mixing is due to the chiral symmetry breaking effect in the Wilson fermion.
VI. RENORMALIZATION FACTOR IN MS SCHEME
We renormalize the lattice bare operators Q
lat to obtain the renormalized operator Q
We adopt the MS scheme with DRED or NDR. The renormalization of the operator is given by
where
lat is the four quark operators on the lattice, Q lat pen is the QCD penguin operator and O lat sub is a lower dimensional operator to be subtracted. Z g ij comes from the gluon exchanging diagrams. Z pen i is the contribution from the penguin diagrams.
A. Gluon exchanging diagrams
For gluon exchanging diagram we sum up all the contributions from three diagrams (a), (b), (c) and multiply by the color factor. Here we show its explicit form for the ∆S = 1 operators.
From these vertex functions one can easily see that the one loop correction to the four quark operators is given in a form
tree is a tree level operator. The correction factors are given by
where λ is a gluon mass introduced for infrared regularization.
The renormalization factor is given by taking a ratio of quantum correction with that in the MS scheme multiplied with the quark wave function renormalization factor Z 2
The correction factor in the DRED MS scheme is given by
The quark wave function renormalization factor is given by Ref. [4] and the result in the Feynman gauge is
The numerical value of Σ (n) 1 is given in table II.
Substituting the above results we have
The numerical result is given in table III as an expansion in c SW
We need to subtract the evanescent operators E (i) in the MS scheme, which comes from the difference of dimensionality from four for gamma matrices in the operator vertex [7, 8] .
The evanescent operators in the DRED scheme is given by
where n is the dimension of the loop momentum. γ The conversion formula to the NDR scheme is as follows [9] (z
with corresponding evanescent operators. The numerical value of z g ij is given in table IV for NDR.
B. Penguin diagrams
Taking a summation of the finite part and the IR divergent term the one loop correction from the penguin diagram is given by
where we adopt the on-shell condition for external quarks
The finite part is expanded as
with coefficients given in table V.
We notice that the above vertex corresponds to a four fermi operator of the form
and is given by a linear combination of 6) , which defines the penguin operator
The one loop correction from the penguin diagram to the four quark operators is written as
where Q pen tree is the penguin operator at tree level. The correction factor is given by
with operator dependent factor
The correction factor in the MS scheme is given in a similar form
where the scheme dependent finite term is given by
Combining these two contributions the renormalization factor for the penguin operator is given by
Numerical value of the finite part is given in table VI.
C. Subtraction of lower dimensional operator
As was discussed in Sec. V B the lower dimensional operator
mixes with the four quark operators. The subtraction factor is given by
= 0, (n = 1, 2, 5).
(VI.80)
We may be better to evaluate these factors nonperturbatively for numerical simulation.
D. Mean field improvement
The mean field improvement is given by subtracting the tadpole contribution in the renormalization factor and replacing it by a nonperturbative value u given in terms of the average plaquette u = P 1/4 for example. The tadpole contribution resides only in Σ 1 of the quark wave function renormalization factor Z 2 . The mean field improvement works for the diagonal renormalization factor Z g ii from the gluon exchanging diagram. In the improved renormalization we shall use the renormalization factor
is given by replacing the finite term z g ii by z
g(MF) ii
in which the tadpole contribution is subtracted. The c SW dependent part is not affected by the mean field improvement. The numerical value is given in table VII.
VII. O(a) IMPROVEMENT COEFFICIENTS
In order for the on-shell O(a) improvement program to work one need to adopt the rotated field for the operator
in addition to the improvement of the action. We shall set the on-shell condition
for the quark fields and adopt z = 0 for simplicity. The bare mass m q is defined by subtracting the additive mass correction from the bare Wilson fermion mass.
A typical form of the tree level improved four fermi operator is given by
which we shall adopt for our lattice bare operator. Each quark fields ψ i has an incoming external momentum p i . In the following we set r = 1.
The renormalization relation is given by
with O(a) subtractions, where Q lat is a tree level improved lattice bare operator for the K → ππ decay. O n,lat represents four fermi operators with wrong chirality given in (VII.8)
-(VII.10). B's are proportional to the quark mass m q . Q's are dimension seven operators proportional to the quark external momentum p µ .
A. Contribution from gluon exchanging diagrams
We shall evaluate the O(a) correction for massive quarks in this subsection. The correction has already been calculated in Ref. [3] for gluon exchanging diagrams with massless quarks.
For the gluon exchanging correction all the ten operators Q (i) are not distinguishable but we have only four distinction O (k)
V A±AV , where k takes even or odd for the color factor. So we shall evaluate the one loop correction to the following four operators
for which we shall need six more operators to mix with at O(g 2 a)
SP −P S , (VII.8)
SP +P S , (VII.9)
The flavor structure shall take the form given in (III.21) -(III.25) for a practical use in
where T (k) represents the color factor.
The one loop contribution is written as
is a color factor given in Sec. IV.
As was mentioned there the one loop correction is given in terms of that to the bilinear operator (IV.21)
is a one loop correction to the bilinear vertex Γ with i-th and j-th flavor contributes for the internal quark line
(VII.21)
The quark mass and external momentum is kept non-vanishing here.
The vertex correction can be expanded in terms of the quark mass and the external momentum up to O(a) according to Ref.
[10]
where the vertex Γ µ for operator subtraction is given as Γ + µ in Ref. [10] . We notice that O(g 2 a log a) term cancels by adopting the tree level improvement condition c SW = 1 and the on-shell condition (A.19) for the external quarks. All the coefficients are proportional to g 2 .
Performing an explicit evaluation with c SW = 1 the O(g 2 a) coefficients are given by
where C A/V is defined in Ref. [10] . We notice that definition of the tensor operator σ µν = 1 2
[γ µ , γ ν ] is different from that in Ref. [10] . T 
and O(g 2 ap).
In this subsection we adopt the lattice scheme (IV.22) with gluon mass regulator implicitly and evaluate the full vertex correction G 1 , · · · , G 4 for operators O n=1∼4 . For example G 1 is given by
with the tree level vertex Γ
According to Ref. [10] we rewrite the bare quark mass in terms of the renormalized one
We then multiply the four quark vertex correction with the wave function renormalization
Here Σ 1 , Σ
1 and z m are constants introduced in Ref. [10] and is given in table X for c SW = 1. The O(a) and O(g 2 a log a) terms are canceled in
and one can extract the renormalization factor Z multiplied with quark masses and external momentum as will be given in the appendix.
B. Contribution from penguin diagrams
The one loop correction from the penguin diagram to the improved operator (VII. However this factor shall be canceled with the tree level contribution of the wave function renormalization factor (VII.29) and we abbreviate it. We shall evaluate (V.8), (V.9) by an expansion in the quark mass and the external momentum.
Before performing the expansion we make use of the Ward-Takahashi identity (V.11), (V.12). We notice that the identity is valid on the lattice with a non-vanishing quark mass and external momentum and impose a restriction on the one loop correction (V.10)
Taking into account the Lorentz covariance each term is expanded to give the O(a)
We substitute this expansion into a typical correction term (VII.35) and substitute further into the one loop penguin contributions (V.8) and (V.9). After a short algebraic calculation we find that only three terms contribute to the one loop penguin diagram
From the clover term contribution
we have the similar form of correction
The O(g) terms have already been evaluated in Sec. V and we put the same result for the notation used here
(1.087821 (3)) .
(VII.47)
We notice that both the O(gam q ) coefficient l P m and l
has a logarithmic IR divergence.
The same regularization scheme is also used here as was adopted in Sec. V and the coefficient is given by
We substitute these results into the penguin contribution (V.3) and (V.4) including all the contributions up to O(g 2 a)
Here we made use of on-shell conditions for the external momentum
We notice that the mixing with an operator γ µ γ 5 ⊗i (p 3 − p 4 ) µ drops if we set the improvement coefficient c SW = 1. The O(g 2 a log a) term in l 
Using the Fierz transformation with or without the charge conjugation we rearrange the spinor structure
Here we notice there appears an operator mixing with wrong chirality proportional to the quark mass difference and chiral symmetry breaking effect (T V − T A ) or (T S − T P ).
The O(g 2 ap) terms are given by
(A.14)
(A.18)
Using the momentum conservation relation p 1 + p 2 + p 3 + p 4 = 0 and the on-shell condition
we rewrite the correction
Taking summation of all the contributions for V A + AV and V A − AV and multiplying the wave function renormalization factor we extract the O(g 2 am) coefficients in the
P aM , (A.27)
P aM , (A.37)
(A.45)
A am (12) , (A.46)
, (A.55) The O(g 2 ap) coefficients are given as
V , C 12 = 0, C 13 = −g [4] . Coefficients of the term c n SW (n = 0, 1, 2) are given in the column marked as (n). Terms proportional to c 1 SW are zero for pseudoscalar P . [4] . Coefficients of the term c n SW (n = 0, 1, 2) are given in the column marked as (n). Tadpole contribution is also listed.
4.825 7.482 −1.601 −0.973 TABLE III: Finite part z g ij of the renormalization factor from gluon exchanging diagrams. The DRED scheme is adopted. The color factor is set to N = 3. Coefficients of the term c n SW (n = 0, 1, 2) are given in the column marked as (n). of the renormalization factor from gluon exchanging diagrams for the mean field improvement given with the tadpole subtraction in the DRED and NDR scheme. a) correction to the quark propagator for the Iwasaki gauge action. The improvement coefficient is set to its tree level value c SW = 1.
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